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Operator Dynamics

Dynamics of an operator in Heisenberg picture O(f) = e''Qe ="
® 2-and 4-point functions (including OTOCs) capture only a small fraction of the information

® \Ve want to study the operator wave function in a suitable basis

|0(1) = ) cpl(t) | P)

P

Eg. Pauli basis, Krylov basis, ...



Operator Space: Size basis

® Pauli(orsize)basis 0, ®0c, Q... 0y =P c*e {1,X,Y,7Z)

® Size |P| = number of non-identities |, ®7Z;| =2, X2, QY;| =3

o) =X, +2.1Y, ® Z, — 0.82, ® Y, 10()) = X)) +2.1|1Y,®Z)—0.8|Z, ® V)

O(t) — ethOe—th q ‘0(1‘)) — eifft‘ 0)



Operator space: Krylov basis
(it)°

2!

10®) = e 0) = |0) + (i) L | 0) + L 0) + ...

| O(1)) is an element in the space spanned by the basis { | 0), Z| 0), £*|0), ...}

Perform Gram-Schmidt on this set to obtain the Krylov basis { | O), | O,), | O), ...}

(01 | 02) — Tr[OlJrOz]
The Liouvillian is tridiagonal in the Krylov basis { | 0,)} 2,

0 b, 0 0 - [0(0) = ), #,(1)]0,)
by 0 b, 0 "
0 (ﬂn(t) — bn(pn— (t) o bn Py, (t)
0,1Z10,)=10 b, 0 by f 1 £1Pnt1
0 0 b3 0 by b b
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[D.C. Mattis, 1981; Viswanath & Muller, The Recursion Method, 2008.]



Operator Growth Hypothesis

Asymptotics (n > 1)

Chaotic models b ~n

n

Integrable models b, ~ \/E

Freo Free models b, ~ O(l)

[Parker, Cao, Avdoshkin, Scaffidi, Altman PRX 2019]



Operator Growth Hypothesis

=0
® Escape to infinity exponentially fast
n b, % an+y = @,(1) ~ e
p2at g . ® Krylov complexity = average position on
the chain
b1 b2 b3 b, ~an
O— OO O _ 2 2at
Po L1 P2 @3 n(t) = Z (1)~ €

n

All to all k-local models

[Parker, Cao, Avdoshkin, Scaffidi, Altman PRX 2019]



What happens to the operator
dynamics at finite temperature

I < o007



Krylov Winding
We want to study pﬂmO(t) where p; = e PH|Z7

Provides natural route to study linear response C(#) = Tr[p;0(0)0] = (pﬁmO \pﬁmO(t))

‘pﬁl/ZO(t)) — eii”(t+iﬁ/4) ‘pﬁ1/40pﬂl/4)

Generate Krylov basis with the seed operator pﬂ1/40pﬂ1/4

p)200) = ) @,(t+ipl4)|0,)

The Krylov wave function becomes complex and acquires a phase

non-Hermitian operator < complex wave function



Krylov Winding
® Assuming pertfectly linear b, = an, we can use the exact solution ot Krylov dynamics:

~ tanhla(z + ip/4)]"

Pall) = cosh[a(t + if/4)] = | @, | explenn)

= e (2202)

sinh(2at)

The Krylov wave function acquires a phase that depends
linearly on the Krylov index n

[RP, Kobrin, Flynn, Scaffidi PRL 2026]



Krylov Winding

| @, |
. Arg(g,) = 0()n
» N
b1 bo bs b, ~an
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® Define Momentum-space Krylov wave
function

Clt.p) = ) pp(D)e™

® Krylovwindinginnspace @, ~ |, e <=>
Lorentzian peak in momentum space at

[RP, Kobrin, Flynn, Scaffidi PRL 2026]



Krylov Winding: Evidence

Large-g SYK model

All-to-all Spin model

(a)
=
x
S}

(b)

|CK(t7:u)’

Analytically solvable model
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[RP, Kobrin, Flynn, Scaffidi PRL 2026]




Size Winding

Express the operator in the Pauli basis: | p!?O(f)) = Z cp(t) | P)
P

® Because this operator is not hermitian, the ¢p are in general complex

® Remarkably, certain models exhibit size winding: cx(7) = | cp(?) | e VOIP]

¢ (1) Phase alignment: All Paulis of the same size have the same phase
e (2) Phase linearity: The phase depends linearly on the Pauli size

® Resource for “many-body teleportation”

[Jafferis et al Nature 2022, Brown et al PRX 2023, Nezami et al PRX 2023]



Size Winding: Phase alignment

“Size-resolved Krylov overlap matrix”:
M. ()= (QO,|P;0,)

[Chen, Mu, Wang, Zhang PRL 2025] # PerfeCt phase alignment

with IA’Z the projector onto the size-[ sector

Rank 1
M,,.(D) =y, (D, (1)

Evidence: large-g SYK + Bath model

More generally, (impertect) phase alignment is guaranteed if rank[M, | = ~ 1

(i.e. it M has a single dominant eigenvalue).

Conjecture: this is true generically for k-local models.
[RP, Kobrin, Flynn, Scaffidi PRL 2026]



Krylov vs Size growth

Krylov wavefunction
.~ €2at E
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Bound:

h=12a<1
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Size distribution
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Size Winding: Phase linearity

1~ ll/h

Argle, | = 0(Hin = Arg[cp] ~ 0(¢) j1/h

1P| =1

Arg q(0)

Arg

Krylov basis Size basis

This result is proven analytically in
large-g SYK model coupled to a bath

[RP, Kobrin, Flynn, Scaffidi PRL 2026]



Size Winding: SYK model|
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[RP, Kobrin, Flynn, Scaffidi PRL 2026]



Conclusion

¢ Krylov winding is generic in non-integrable models: it is a direct
consequence of the operator growth hypothesis

e Krylov winding = size winding if two sufficient conditions are met

® Phase alignment is guaranteed if the "size-resolved Krylov overlap matrix” is
rank 1.

¢ Phase linearity is guaranteed if the bound 4; < 2a (with a the Krylov growth
rate) is saturated. More generally, Arg[g(l)] ~ [V withO < h = A, /2a < 1.
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Size Winding: Phase alignment

Size and winding distribution

“Size-resolved Krylov overlap matrix”: g
5 P(l) = cp(t)|” = (D, (OM, (I
M (D) =(0 B0 (0) P%:l\ PO 1= 9EO@,(OM,,(1)

with P, the projector onto the size-I sector l
[Chen, Mu, Wang, Zhang PRL 2025] Q) = Z

cp0* = ) 9, (09, (OM,,, (D
P:|P|=l nm

In large-g SYK+bath, M, (/) has rank-1: Perfect phase alignment:
M) = 44Dy =) ool _
[Chen, Mu, Wang, Zhang PRL 2025] P(l, 1)

More generally, (imperfect) phase alignment is guaranteed if rank[M | = ~ 1

(i.e. if K has a single dominant eigenvalue).
Conjecture: this is true generically for k-local models.

[RP, Kobrin, Flynn, Scaffidi PRL 2026]



The Liouvillian grapn

O(t) = ¢'0

. (in* _,
=0+ (iNL0+—-L*0+ ..

Example. 1D Chaotic Ising model




The Liouvillian grapn

O(r) = ™"

. (in* _,
=0+ (iNL0+—-L*0+ ..

Example. 1D Chaotic Ising model

H= ) X,+105ZZ,,+05Z

ZO = 1.05iY,Z, + 1.05iZ,Y, + 0.5iY,




The Liouvillian grapn

O(r) = ™"

| @in* _,
=0+ ()Z£O0H > 0+ ...

Example. 1D Chaotic Ising model

H= ) X,+105ZZ,,+05Z

0 =X,
Z0 = 1.05iY,Z, + 1.05iZ,Y, + 0.5iY,
F*0 =2.172,Z, - 2.1Y,Y, + 0.25X,
+1.05%Z,X,Z, + 1.05°X, + 1.05%X,
+1.05%Z,X,Z, + 0.525X,Z, + 0.525Z,X,




The Liouvillian grapn

O(r) = ™"

| in* _,
=0+ ()Z£O0H > 0+ ...

Example. 1D Chaotic Ising model

H= ) X,+105ZZ,,+05Z

0 =X,
Z0 = 1.05iY,Z, + 1.05iZ,Y, + 0.5iY,
F*0 =2.172,Z, - 2.1Y,Y, + 0.25X,
+1.05%Z,X,Z, + 1.05°X, + 1.05%X,
+1.05%Z,X,Z, + 0.525X,Z, + 0.525Z,X,




