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Operator Dynamics
• Dynamics of an operator in Heisenberg picture  

• 2- and 4-point functions (including OTOCs) capture only a small fraction of the information 

• We want to study the operator wave function in a suitable basis   

 

Eg. Pauli basis, Krylov basis, … 

O(t) = eiHtOe−iHt

|O(t)) = ∑
P

cP(t) |P)



Operator Space: Size basis

• Pauli (or size) basis  

• Size number of non-identities |P | =

σα
1 ⊗ σα

2 ⊗ … ⊗ σα
N ≡ P σα ∈ {𝕀, X, Y, Z}

O(t) = X1 + 2.1Y2 ⊗ Z3 − 0.8Z2 ⊗ Y3

|Y2 ⊗ Z3 | = 2, |X1 ⊗ Z2 ⊗ Y3 | = 3

|O(t)) = |X1) + 2.1 |Y2 ⊗ Z3) − 0.8 |Z2 ⊗ Y3)

O(t) = eiHtOe−iHt |O(t)) = eiℒt |O)



Operator space: Krylov basis
•  

•  is an element in the space spanned by the basis  

• Perform Gram-Schmidt on this set to obtain the Krylov basis  

• The Liouvillian is tridiagonal in the Krylov basis 

|O(t)) = eiℒt |O) = |O) + (it)ℒ |O) +
(it)2

2!
ℒ2 |O) + …

|O(t)) { |O), ℒ |O), ℒ2 |O), …}

{ |O0), |O1), |O2), …}

{ |On)}∞
n=0

|O(t)) = ∑
n

φn(t) |On)

∂tφn(t) = bnφn−1(t) − bn+1φn+1(t)

……

(𝒪n |ℒ |𝒪m) =

0 b1 0 0 ⋯
b1 0 b2 0 ⋯
0 b2 0 b3 ⋯
0 0 b3 0 ⋱
⋮ ⋮ ⋮ ⋱ ⋱

[D.C. Mattis, 1981; Viswanath & Muller, The Recursion Method, 2008.]

(O1 |O2) = Tr[O†
1 O2]



Operator Growth Hypothesis

Chaotic models         

Integrable models    

Free models             

bn ∼ n

bn ∼ n

bn ∼ O(1)

[Parker, Cao, Avdoshkin, Scaffidi, Altman PRX 2019]

Asymptotics (n ≫ 1)



Operator Growth Hypothesis

• Escape to infinity exponentially fast 

 

• Krylov complexity = average position on 
the chain  

bn
n≫1 αn + γ ⟹ φn(t) ∼ e− n

e2αt

n(t) = ∑
n

nφn(t)2 ∼ e2αt

t = 0

All to all k-local models

[Parker, Cao, Avdoshkin, Scaffidi, Altman PRX 2019]



What happens to the operator 
dynamics at finite temperature 

?T < ∞



Krylov Winding
• We want to study  where  

• Provides natural route to study linear response 

ρ1/2
β O(t) ρβ = e−βH /Z

C(t) = Tr[ρβO(t)O] = (ρ1/2
β O |ρ1/2

β O(t))

|ρ1/2
β O(t)) = eiℒ(t+iβ/4) |ρ1/4

β Oρ1/4
β )

• Generate Krylov basis with the seed operator ρ1/4
β Oρ1/4

β

|ρ1/2
β O(t)) = ∑

n

φn(t + iβ/4) |On)

• The Krylov wave function becomes complex and acquires a phase

non-Hermitian operator  complex wave function⟺



Krylov Winding
• Assuming perfectly linear , we can use the exact solution of Krylov dynamics:bn = αn

θ(t) = tan−1 ( sin(αβ/2)
sinh(2αt) )

φn(t) =
tanh[α(t + iβ/4)]n

cosh[α(t + iβ/4)]
≡ |φn |exp(iθ(t)n)

The Krylov wave function acquires a phase that depends 
linearly on the Krylov index n

[RP, Kobrin, Flynn, Scaffidi PRL 2026]



Krylov Winding

• Define Momentum-space Krylov wave 
function 

 

• Krylov winding in n space  <=>  
Lorentzian peak in momentum space at 

 

CK(t, μ) = ∑
n

φ2
n(t)eiμn

φn ∼ |φn |eiθn

μK = − 2θ
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[RP, Kobrin, Flynn, Scaffidi PRL 2026]



Krylov Winding: Evidence
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Large-  SYK modelq

All-to-all Spin model

t

μK(t) ∼ − e−2αt sin(αβ/2)Jijkl

Jij

[RP, Kobrin, Flynn, Scaffidi PRL 2026]



Size Winding
Express the operator in the Pauli basis:  

• Because this operator is not hermitian, the  are in general complex 

• Remarkably, certain models exhibit size winding:   

• (1) Phase alignment: All Paulis of the same size have the same phase 

• (2) Phase linearity: The phase depends linearly on the Pauli size 

• Resource for “many-body teleportation”

|ρ1/2O(t)) = ∑
P

cP(t) |P)

cP

cP(t) = |cP(t) |eiθ(t)|P|

[Jafferis et al Nature 2022, Brown et al PRX 2023, Nezami et al PRX 2023]



Size Winding: Phase alignment

with  the projector onto the size-  sector ̂Pl l

“Size-resolved Krylov overlap matrix”: 
Mnm(l) ≡ (On | ̂Pl |Om)

More generally, (imperfect) phase alignment is guaranteed if   
(i.e. if  has a single dominant eigenvalue). 

Conjecture: this is true generically for k-local models.

rank[Mnm] = ≃ 1
M

Perfect phase alignment[Chen, Mu, Wang, Zhang PRL 2025]

[RP, Kobrin, Flynn, Scaffidi PRL 2026]

Mnm(l) = ψn(l)ψm(l)
Rank 1

Evidence: large-  SYK + Bath modelq



l ∼ nh

h ≡ λL /2α ≤ 1

Krylov vs Size growth

|φn(t) |2

n

∼ e2αt

l

P(l, t)

∼ eλLt

Krylov wavefunction Size distribution

(n) ∼ e2αt (l) ∼ eλLt

Bound:

……



n ∼ l1/h

Arg[φn] = θ(t)n ⟹ Arg[cP] ∼ θ(t) l1/h

Size Winding: Phase linearity

This result is proven analytically in 
large-  SYK model coupled to a bathq

[RP, Kobrin, Flynn, Scaffidi PRL 2026]
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Size Winding: SYK model
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[RP, Kobrin, Flynn, Scaffidi PRL 2026]



Conclusion
• Krylov winding is generic in non-integrable models: it is a direct 

consequence of the operator growth hypothesis 

• Krylov winding  size winding if two sufficient conditions are met 

• Phase alignment is guaranteed if the “size-resolved Krylov overlap matrix” is 
rank 1.  

• Phase linearity is guaranteed if the bound  (with  the Krylov growth 
rate) is saturated. More generally,  with . 

⟹

λL ≤ 2α α
Arg[q(l)] ∼ l1/h 0 ≤ h ≡ λL /2α ≤ 1
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Size Winding: Phase alignment

with  the projector onto the size-  sector
̂Pl l

“Size-resolved Krylov overlap matrix”: 
Mnm(l) ≡ (On | ̂Pl |Om)

In large-q SYK+bath,  has rank-1: 

 


[Chen, Mu, Wang, Zhang PRL 2025]

Mnm(l)
Mnm(l) = ψn(l)ψm(l)

More generally, (imperfect) phase alignment is guaranteed if  

(i.e. if  has a single dominant eigenvalue).


Conjecture: this is true generically for k-local models.

rank[Mnm] = ≃ 1
K

Perfect phase alignment:  

|Q(l, t) |
P(l, t)

= 1

Q(l) = ∑
P:|P|=l

cP(t)2 = ∑
nm

φn(t)φm(t)Mnm(l)

P(l) = ∑
P:|P|=l

|cP(t) |2 = ∑
nm

φ*n (t)φm(t)Mnm(l)

Size and winding distribution

[Chen, Mu, Wang, Zhang PRL 2025]

[RP, Kobrin, Flynn, Scaffidi PRL 2026]
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